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Conceptual and procedural knowledge

Conceptual knowledge - knowledge of concepts or 
principles (Baroody, Feil, & Johnson, 2007; J.R. Star, 
2005), “an integrated and functional grasp of 
mathematical ideas” (Kilpatrick et al., 2001, p. 118). 
Procedural knowledge is the ability to accurately and 
efficiently perform procedures to solve problems 
Mathematical proficiency requires both types of 
mathematical knowledge 
Star (2005) states that conceptual and procedural 
knowledge refer not only to what is known (the 
type), but also to how the knowledge is known, 
therefore the quality of knowledge. The knowledge 
quality is described as deep or superficial (Star, 2005). 

Primary research question:
What is the nature of conceptual and 
procedural knowledge in calculus?
Secondary research questions
1. How can calculus items be analysed

and classified with respect to 
conceptual and procedural 
knowledge?

2. How are conceptual and procedural 
constructs related in calculus?

Research design Rasch  Analysis: Person item map
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Findings

• Mixed-methods approach, guided by post positivism
• Qualitative content analysis investigated conceptual 

and procedural knowledge relations within the 
solutions of 33 calculus items

➢ the number of procedural and conceptual steps 
needed to answer the item (Engelbrecht, Bergsten, & 
Kågesten, 2012)

➢ item label and item classification into one of four 
knowledge classes based on the type and quality of 
knowledge (Star, 2005).

• Quantitative Rasch analysis
➢ analysed items were included in a data collection 

instrument administered to students
➢ measure item difficulty and person proficiency
➢ describe underlying cognitive construct between

items
➢ Confirmatory factor analysis

The study (Hechter, 2020) analyses relations 
between procedural and conceptual 
knowledge in order to guide optimal learning 
and inform teaching practices in calculus. 
The study is located within an augmented 
mathematics module for first year 
engineering students enrolled for an 
extended curriculum program in South Africa. 
The description of being ‘conceptual’ or 
‘procedural’ is not necessarily a property of 
the task, but rather a description of the 
solution of the task (Engelbrecht, Bergsten, & 
Kagesten, 2009). 
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Conclusion

The study describes the relationship between the 
procedural and conceptual knowledge within and between
items as integrated and complex (Kilpatrick et al., 2001). 
The integrated relationship is visible on two levels:
➢ The content analysis reveals that the 33 calculus items 

follow conceptual and procedural steps to achieve 
problem-solving; however, the uniqueness of a 
problem-solving approach and the interpretation of an 
analysis are not absolute (Star & Stylianides, 2013).

➢ The Rasch analysis and person-item map confirmed the 
integrated relationship between procedural and 
conceptual knowledge, and indicated that the items 
had a range of difficulties and did not cluster together 
according to item label or class. 

• Suggestion: teaching strategies should navigate 
between concepts and procedures, using different 
representations.

Knowledge classes (adapted Star, 2005)

Confirmatory factor analysis

• item solutions drew on both procedural and 
conceptual components that cannot be separated

• item solutions could follow more than one approach
• analyses of the same item of solutions could differ, 

depending on the prior knowledge or experience since 
what is conceptual for one could be procedural for 
another

• item difficulty does not only depend on the number of 
procedural and conceptual steps 

The Rasch person–item map confirmed:
- items in the four classes were not 

clustered together per class
- item difficulty was not linked to the 

number of procedural and/or 
conceptual steps needed to do the 
mathematics

Confirmatory factor analysis  indicated over-correlation 
between the classes: 
➢ the defined classes cannot be separated
➢ confirmed integration of procedural and conceptual 

cognitive processes

Example of content analysis

Problem solving strategies

Whether developing skills with symbols 
leads to conceptual understanding, or 
whether the presence of basic 
understanding should precede symbolic 
representation and skill practice, is one of 
the basic disagreements between the 
opposing sides of the so-called math wars. 
(Star 2005, p. 404)
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